Investigations of diffusive-ballistic heat conduction of finite-length single-walled carbon nanotubes and nanographene ribbons at room temperature have been carried out by using nonequilibrium molecular dynamics simulations. The length dependences of thermal conductivity reveal the variation of the balance between ballistic and diffusive heat conduction. For both systems, the profile indicates significant contribution of ballistic phonon transport even with the length of about a micrometer. Comparison of the length effects of single-walled carbon nanotubes and nanographene ribbons highlights roles of phonon dispersions and extent of phonon scattering on the diffusive-ballistic heat conduction.
Introduction
Single-walled carbon nanotubes (SWNTs) are expected to play an important role in nanotechnology with diverse prospective applications including various electrical and thermal devices utilizing their unique electrical and thermal properties [1] . For actual applications of SWNTs, one of the essential tasks is to characterize their thermal properties not only for thermal devices but also for electrical devices since they determine the affordable amount of electrical current through the system. With advances in SWNT synthesis and MEMS techniques, thermal conductivity measurements of individual SWNTs and multi-wall carbon nanotubes have been recently reported [2] [3] [4] [5] [6] . However, the experimental measurements of SWNT thermal properties are still extremely challenging and there is a great demand for reliable theories and numerical simulations, especially for investigations of detailed heat-transfer characteristics that are not accessible in experiments.
The phonon mean free path of an SWNT is expected to be extraordinary long due to the strong carbon bonds and quasi-one-dimensional confinement of phonons. Consequently, the ballistic phonon transport regime stretches beyond the realistic length in many applications even at room temperature. At room temperature, since considerable range of phonon branches are populated, the phonon relaxation time strongly varies among different phonons, thus the phonon transport is expected to exhibit complex diffusive-ballistic feature. This gives rise to some unique stationary and non-stationary heat conduction [7, 8] . One of the most important consequences of the diffusive-ballistic phonon transport in practical situation is the dependence of the thermal conductivity on the geometry (length and diameter) of SWNTs [9] [10] [11] [12] [13] . In this paper, by using nonequilibrium molecular dynamics (MD) simulations, we characterize diffusive-ballistic heat conduction of SWNT and its geometry-dependence. The geometrical effect on the diffusiveballistic heat conduction is explored by investigating heat conduction of a finite-length nanographene ribbon (NGR). We consider an artificial NGR with the periodic boundary condition in the spanwise direction, i.e. an unfolded SWNT maintaining the circumferential periodicity (Fig.   1 ). The NGR possesses the same number of atoms per unit-cell as the corresponding SWNT but exhibit different eigenstates due to the curvature relaxation. The strategy is to solely investigate the curvature effect on the heat conduction by carrying out the comparison without complications caused by the localized phonon states and boundary phonon scatterings at the edge of a graphene with finite width [14, 15] .
Molecular Dynamics Simulations
The carbon-carbon interactions were modeled by adopting the Brenner potential [16] in a simplified form [17] . The potential model can describe variety of small hydrocarbons, graphite and diamond lattices. The basic formulation of the potential is based on the covalent-bonding treatment developed by Tersoff [18] . The total potential energy of the system E b is expressed as the sum of the bonding energy of each bond between carbon atoms i and j.
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Here, V R (r) and V A (r) are repulsive and attractive force terms, which take a Morse type form with a certain cut-off function. B * ij represents the effect of the bonding order parameters. We chose the potential parameters that have been shown to reproduce force constants with sufficient accuracy [9, 10] . The velocity Verlet method was adopted to integrate the equation of motion with the time step of 0.5 fs. The dispersion relations of the system can be visualized using MD simulations by taking the two-dimensional Fourier spectra of the time history of the one-dimensional velocity field along a system. The periodic boundary condition was applied in the longitudinal (z) direction (Fig. 1 ).
The phonon energy spectral density is computed as,
where N is the number of atoms in the longitudinal (z) direction. Here, p and m are the number of atoms per unit cell and the mass of a carbon atom, respectively. In Fig. 2 , the spectra of a 12.5 nm (5, 5)-SWNT and the corresponding NGR at 300 K are presented. The data are discrete due to the finite system length and the broadening of the spectral peaks indicates the extent of thermal phonon scattering. The overall feature of dispersion relations of SWNT obtained from MD simulations agrees with the reported theoretical models [1, 19] , especially well with the model of Mahan and Jeon [19] . As seen in Fig. 2 , while the dispersion relations of the (5, 5) SWNT and (5, 5) NGR exhibit similar overall zone-folded feature, the difference is evident especially for lower frequency phonons, which in general is considered to be the primary heat carrier. It can be observed in the low frequency regime that the unfolding bends the branches towards lower frequency, which is mainly attributed to the relatively soft out-of-plane transverse modes of the NGR decoupled from in-plane modes.
Thermal conductivity λ of SWNTs and NGRs was calculated by using non-equilibrium MD simulations. After reaching an isothermal state at 300 K with the auxiliary velocity scaling control, the temperature controlled layers on both ends of the system were activated to apply a temperature Although simply expressing the heat conduction with thermal conductance may be more suitable, here we use thermal conductivity for the sake of comparison with previous studies. The computation of thermal conductivity was performed for a range of system length (L).
The temperature gradient was applied using the phantom technique as in the previous works [9, 10] . The values of thermal conductivity of (5, 5) SWNTs calculated with phantom technique has been validated by performing additional simulations with a standard application of Nose-Hoover thermostats [20, 21] . In the course of the validation, the length and the relaxation time of the NoseHoover thermostat were tuned to reduce the virtual thermal boundary resistance between the temperature-controlled part and the rest of the nanotubes. Details of the validation procedure will be reported elsewhere [13] . Figure 3 shows length effect on thermal conductivity of SWNTs and NGRs for a range of L.
Results and Discussion
Simulations were performed for two different unit cell sizes with chiral index of (3, 3) and (5, 5).
For both systems, thermal conductivity did not converge in the range of L up to about a micrometer. The length-dependence of the gradient of the profile clearly indicates the variation of the balance between diffusive and ballistic heat conduction for both SWNT and NGR. The gradient in the small L regime suggests significant ballistic heat conduction contributed from broad phonon branches [13] . Note that when heat conduction is purely ballistic, thermal conductance is constant and hence λ is proportional to L. When L is small, on considering the significant phonon population in the a wide range of phonon branches at room temperature, we expect contributions to the heat conduction not only from ballistic transport of long wave-length acoustic phonons but also from phonons with wider ranges of wavenumber and frequency including optical phonons with sufficient group velocity.
As seen in Fig. 3 , although thermal conductivity keeps increasing with L as the effective meanfree-paths of the ballistic phonons increase, the gradient of the profiles gradually decreases since the number of ballistic phonons decreases. This suggests that, as L increases, the distribution of effective phonon mean paths becomes broader and the increment of thermal conductivity is caused by more limited phonons with relatively long mean free paths such as long wave-length phonons with low frequency.
The thermal conductivity profiles of SWNT and NGR exhibit distinct differences reflecting the differences in diffusive-ballistic phonon transport properties. Figure 3 shows that thermal conductivity of NGRs is significantly higher than that of SWNTs and the difference decreases as L increases. Let us now picture thermal conductivity as a summation of each phonon transport,
The dispersion relations have direct influence to the linear phonon transport properties C i v i , however, their variation is not sufficient to cause the difference seen in Fig. 3 as demonstrated at the ballistic heat conduction limit [22] . Hence, the current results suggest that a significant contribution comes from variation in mean free paths. As seen in Fig. 2 , evidently in frequency smaller than 10 THz, by unfolding an SWNT to form an NGR, transverse phonon branches are bent and shifted downwards in the intermediate wavenumber regime. These NGR phonon branches correspond to the out-of-plane transverse modes and are softer than the transverse phonon modes of the SWNT. As a result, the NGR possesses more low frequency phonon states than the SWNT. In general, mean free path increases with frequency with the scaling depending on the scattering process and extent of unharmonicity. For instance, for 3-phonon Umklapp scattering, the kinetic approach at classical limit derives that the phonon mean free path depends on ω -2 [23] .
Therefore, one could attribute the current results to the difference in mean free paths of SWNTs and NGRs originated from the difference in the phonon dispersion relations. that the difference between dispersion relations of the SWNT and NGR is smaller for long wavelength acoustic phonons. In addition, in the small wavenumber regime, the bending transverse acoustic modes have small group velocity due to their flexure feature [19] . Therefore, the thermal conductivity variation due to the unfolding is expected become smaller as L increases.
Conclusions
Non-equilibrium MD simulations were conducted to investigate the heat conduction of SWNTs and NGRs at room temperature. The length effects on the thermal conductivity were quantified in a range of L. The gradual transition from strongly ballistic to diffusive-ballistic heat conduction was clearly observed. Thermal conductivity of NGRs exhibits significant difference from that of corresponding SWNTs, reflecting the differences in phonon dispersion relations. 
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